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We present the modified relative entropy of entanglement (MRE) that is proved to be a upper 
bound of distillable entanglement (DE), also relative entropy of entanglement (RE), and a lower 
bound of entanglement of formation (EF). For a pure state, MRE is found by the requirement that 
MRE is equal to EF. For a mixed state, MRE is calculated by defining a total relative density ma- 
trix. We obtain an explicit and "weak" closed expressions of MRE that depends on the pure state 
decompositions for two qubit systems and give out an algorithm to calculate MRE in principle for 
more qubit systems. MRE significantly improves the computability of RE, decreases the sensitivity 
on the pure state decompositions in EF, reveals the particular difference of similar departure states 
from Bell's state and restore the logarithmic dependence on probability of component states consis- 
tent with information theory. As examples, we calculate MRE of the mixture of Bell's states and 
departure states from Bell's states, and compare them with EF as well as Wootters' EF. Moreover 
we study the important properties of MRE including the behavior under local general measurement 
(LGM) and classical communication (CC). 

PACS: 03.65.Ud 03.67.-a 



I. INTRODUCTION 

The entanglement is a vital feature of quantum in- 
formation. It has important applications for quantum 
communication and quantum computation, for exam- 
ple, quantum teleportation [Q, massive parallelism of 
quantum computation [^j3| and quantum cryptographic 
schemes Q . Therefore, it is very essential and interesting 
how to measure the entanglement of quantum states. In 
the existing measures of entanglement, the entanglement 
of formation (EF) Eef and the relative entropy of 
entanglement (RE) EfiE 1§] are often used and they are 
respectively defined by 



Eef{pab) = min 'S^ PiS{p'b), 
Eb.e{pab) = min S{pab\\pab)^ 



(1) 

(2) 



where T> in eq.(|i|) is a set that includes all the pos- 
sible decompositions of pure states p = ^iPiP\ and 
TZ in eq.(^ is a set that includes all the disentangled 
states. Note that pg = Tr^p* is the reduced den- 
sity matrix of p', S{p) is von Neumann entropy of p, 
S{p\\p^) = Tr(/9logp— plogp^) is the quantum relative 
entropy and p^ can be called the relative (density) ma- 
trix, which is used to calculate the relative entropy. 

For a pure state in a bi-party system EF is an actu- 
ally standard measure of entanglement. For an arbitrary 



state of two qubits, EF is also widely accepted 0. For 
bound entangled states, EF and the distillable entangle- 
ment (DE) |8| simply quantify two different properties of 
the state. RE is thought of a upper bound of DE and a 
lower bound of EF in the case of mixed states |^. RE 
appears promising by a series of the interesting results 
Q. However, there are still several open questions not 
to be understood fully among them. For example, EF is 
heavily dependent on the pure state decompositions in 
the case of mixed states, RE's advantages suffers from 
the difficulty in computation. Moreover, it is not very 
clear how to describe the entanglement of many parties 
in terms of both of them. At most, we can know qual- 
itatively some useful information In addition, we 
believe there is the particular difference between some 
similar departure states from Bell's state, however, it is 
covered up by Wootters' EF. We do not know why EF, 
in the case of mixed state, is linearly dependent on the 
probability of component states for the minimum pure 
state decomposition (MPSD). 

In this paper, we try to solve the questions stated 
above, at least partially. First, we think that in the 
case of pure states, EF and RE are both correct mea- 
sures of quantum entanglement. Thus there must be a 
determined functional relation between them, but not 
only they are equal numerically. In other words, we 
should be able to find such a relative density matrix 
that S{p\\p^') — S{pb)- Although we have known that 
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Ere{p) < Eef{p) in the case of mixed states, we have no 
idea to find this functional relation between them. Ac- 
tually, if we think that the entanglement is an inherent 
physical quantity of quantum state and EF and RE are 
both correct measures also for mixed states, then such 
relation definitely exists. However, EF is linearly de- 
pendent on probability of component states, but RE is 
logarithmically dependent on probability of component 
states in mathematics. It appears to hint us that the 
functional relation between them might be logarithmic. 
Again comparing with the case of pure state, it is difhcult 
to find a way from a logarithmic relation to an equal re- 
lation. This predicament is obviously an open question. 
In other hand, it seems to us, EF and RE both char- 
acterize the entanglement of mixed states at a certain 
content. Therefore, we have to inherit their reasonable 
sectors and ingenious ideas. But, we also would like to 
improve them. 

In order to arrive at our aim, we first see what reasons 
lead to these difficulties. For EF, we begin with a simple 
example. Consider the mixed state M with two kinds of 
pure state decompositions 

M = i(|00)(00| + |ll)(ll|) (3) 

= i (100) + 111)) ((001 + (111) 

+i (100) -111)) ((001 -(111). (4) 

It is easy to calculate that the statistic average of EF 
of decomposition states are respectively and 1 for two 
kinds of decompositions. This respectively touches at the 
minimum and maximum values of entanglement measure 
and so it is not nice enough. In order to overcome this 
disadvantage, one needs to find a so-called minimum pure 
state decomposition to define EF of a mixed state. But it 
appears a companying problem how to calculate the min- 
imum pure state decomposition. At present, one seems 
not to know an algorithm to do this. From our view, 
to calculate entanglement of the mixed states by using a 
minimum pure state decomposition now may be still an 
indispensable trick because of the undetermined property 
of decomposition of density matrix. However, we can try 
to decrease the dependence and sensitivity with the pure 
decomposition so as to decrease the difficulty to find it. 

For RE, we note that the set TZ in eq.(^) is so large 
that one can not sure when the minimization procedure 
is finished. In other words, although RE can measure 
the entanglement for bi-party systems and give out qual- 
itatively description of entanglement for multi-party sys- 
tems in means of the minimum distance from all of disen- 
tangled states to the concerning state, RE only pointed 
out that such a minimum distance exists, but does not 
determine what form of the disentangled state. Thus, its 
advantage suffers by the difficulty from computation. 

As to Wootters' EF how to cover up the difference 



among some departure states from the maximum entan- 
gled states can not be simply explained. We will mention 
it in the section four. 

Based on the definition of EF for a mixed state, we 
immediately see that EF is linearly dependent on prob- 
ability of component states. We do not know how to 
explain it from information theory. In our point of view, 
it seems that this dependence should be logarithmic. In 
fact, this is one of main reasons why we take the relative 
entropy to describe the measure of entanglement. How- 
ever, we have to face to a new difficulty how to calculate 
it. 

After these analyses stated above, we realize that it is 
necessary and important to further research measures of 
quantum entanglement. In order to restore the logarith- 
mically dependence on probability of component states, 
we prefer to chose the relative entropy, as a function of 
mixed state, to describe the entanglement of mixed state. 
However, since the facts that the pure state decomposi- 
tion of a mixed state is not unique in general and any 
decomposition is not always corresponding to the really 
physical entanglement, we have to determine a pure de- 
composition so as to the relative entropy calculated by 
it can correctly measure entanglement. In spite of the 
puzzle of the linearly dependence on probability of com- 
ponent states from EF in a mixed state, it seems to us, 
the kernel of Bennett et. a/'s idea is to point out the min- 
imum pure state decomposition of a mixed state corre- 
sponds to the entanglement of this mixed state. Thus, we 
define MRE just according with this kernel of their idea. 
Moreover, in order to overcome RE's difficulty in seeking 
a suitable relative density matrix among an infinite set of 
disentangled states, we derive out an explicit construc- 
tion of relative density matrix in MRE. In summary, the 
main ideas to propose MRE are original from organically 
combining the advantages of EF for the pure states and 
strongpoint of RE for the mixed states and avoiding their 
individual shortcomings as possibly. Of course, we have 
used some our points of view and judgements. 

It must be emphasized that in the case of pure states, 
MRE gives the same value of entanglement as EF. There- 
fore, MRE can be thought of an acceptable measure of 
entanglement in the case of pure state. In other words, 
MRE's and EE's positions are equal, that is, there is no 
any difference whether by means of MRE or EF to mea- 
sure entanglement of a pure state. As is well known, 
in the case of mixed states, EF has be extensively re- 
searched. In this paper, we would like to study how MRE 
to be extended. Our results implies that MRE is indeed 
a hopeful candidate to measure the entanglement for the 
mixed states. 

Obviously, the most important key is how to construct 
a correct relative density matrix in MRE. Our method 
can be simply described as following. First, starting with 
a pure state p^j^, we think the measure of entanglement 
is proportional to such a relative entropy S{p^^\\R), in 
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which the relative density matrix is defined by equation 
S{pab\\R) = Eef{pab) based on the fact that EF is a 
good enough measure of entanglement for the pure states, 
that is, i? is a solution of this equation. Then, we define 
the relative density matrix in means of introducing the 
bases of relative density matrix. In the case of mixed 
states, for each pure state decomposition, we can con- 
struct an individual relative density matrix in terms of 
a mixture of relative density matrices of all component 
states with same distribution. In general, for all of pos- 
sible pure state decompositions, their corresponding rel- 
ative density matrices are not the same and forms a set. 
Thus, among this set we, according to Bennett et. al's 
idea, chose such a relative density matrix that the relative 
entropy of mixed state evaluated by it is the minimum 
as a correct total relative density matrix in MRE. Just 
because the relative density matrix can be constructed 
obviously in MRE, one can easily calculate the minimum 
distance and clearly understand its physical meaning. 

Of course, the simplest case is two qubits as bi-party 
systems. It is a footstone to understand and calculate 
MRE in the cases of many qubits and multi-party sys- 
tems. In this paper, at least for bi-party systems made up 
of two qubits, we clearly derive out the forms of relative 
density matrices, explicitly obtain their closed expres- 
sions. All of this greatly improves the computability of 
relative entropy as a measure of entanglement, decreases 
at some content the undetermined property of measure 
of entanglement of mixed states and overcomes above dif- 
ficulties that we have realized. Moreover, it is proved to 
be a possible upper bound of RE, also DE, and a lower 
bound of EF. In particular, MRE has some expected 
behaviors under local general measurement (LGM) and 
classical communication (CC). It seems to us, the advan- 
tages of MRE might be more important for multi-party 
systems, and we have further developed our study to the 
relevant problems [0. More details will be presented 
soon. 

This paper is organized as following. Section one, as 
introduction, mainly analyses the actuality and problems 
at front of us in the study of quantum entanglement and 
explains why and how to propose MRE. Section two, 
as preliminaries, contains several lemmas which are the 
computing method of relative entropy, physical signifi- 
cance and expression of polarized vectors related with 
entanglement, the behavior and properties of polarized 
vectors and disentangled states under local general mea- 
surement (LGM) and classical communication (CC). Sec- 
tion three proposes the full definition of MRE, obtains a 
"weak" closed expression of MRE that depends on the 
pure state decompositions for two qubit systems, gives 
out an algorithm to calculate MRE in principle for more 
qubit systems. Section four exhibits some useful exam- 
ples to account for the advantages of MRE including sig- 
nificant improvement of the computability of relative en- 
tropy of entanglement (RE) , decreasing dependence and 



sensitivity on the pure state decompositions and correct 
logarithmic dependence, in the sense of information the- 
ory, on probability of component states, as well as the 
particular difference among the departure states from 
Bell's states. MRE of the mixture of Bell's states and the 
departure states from Bell's states are calculated and is 
compared with their EF as well as Wootters' EF. Section 
five proves important properties of MRE such as that 
MRE is a possible upper bound of RE, also DE, and a 
lower bound of EF, MRE has some expected behaviors 
under local general measurement (LGM) and classical 
communication (CC), MRE varies from to 1 as well as 
its maximum value corresponds to maximally entangled 
states and its minimum value corresponds to separable 
states. 

II. SEVERAL LEMMAS 

As preliminaries, let's first give out the following sev- 
eral lemmas. In order to calculate relative entropy, we 
need 

Lemma One. If the relative density matrix in its 
eigenvector decomposition is: 

P^ = E^"^2 = E^"I"2)(«2I, (5) 

a a 

where is taken over all the eigenvalues and the eigen 
density matrices are assumed to be orthogonal and idem- 
potent without loss of generality. Thus, the relative en- 
tropy can be written as 

5(p||p«) = -S{p) ^J2^ogKTT{pp^) (6) 

a 

= -S{p)-J2logX^{v^\pK). (7) 

a 

It is easy to prove lemma one by the simple and stan- 
dard computation in quantum mechanics. So, we omit 
it. This lemma implies that the key to calculate RE is 
to seek an appropriate relative density matrix p^ and to 
find out all of its eigenvalues and eigenvectors. In the con- 
struction of relative density matrix p^ for pure states, we 
will find that it is directly related with the polarized vec- 
tors of reduced density matrices. For simplicity, consider 
the case for two qubits and denote the reduced density 
matrices for a quantum state p are 

PA = Tr_Bp; pB = Tr^p. (8) 
They can be rewritten as 

PA = ^(ctq • 0-), PS = ^(o-Q -cr), (9) 

where co is the identity matrix and cr is usual Pauli spin 
matrix, and are just polarized vectors respectively 
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corresponding to pA and pB ■ We always can expand the 
density matrices as 



1 ^ 



(10) 



Obviously, we have 

1 ^ 

= Tr(pAcrj) = 2 X! Tr(apoCT^cri 

1 ^ 



(11) 

(12) 



^1=0 



In general, they are not equal. But in the case of a pure 
state 

1^) = a|00) + 6|01) + c|10) + d|ll), (13) 
it follows that 

e = eA = eB = ^-^\ad-hc\\ (w) 

that is that the norms of $,a and $,b are equal. For arbi- 
trary quantum states, it is easy to prove that 



iA = Tr(pcr ® /) , iB=MpI®cT). 



(15) 



The relations between their components are given out in 
lemma two. 

Lemma Two. For the pure state of two qubits, there 
are the relations between the polarized vectors $,a and 
is: 



3 3 
3=1 1=1 

Proof Obviously, for a pure state 



Thus, 



Trp^ = Trp = 1, Tr^p^ = Tr^p. 



(16) 



(17) 



(18) 



Substituting eq.(lO) to eq. (llSh and using the relations 



[A (g) B){C (g>D)^ (AC) (g> (BD) 
Tt(A (g)B)= TiATrB, 



(19a) 
(19b) 



we have 



-j^ 3 3 

Trp^ = — ^ ^ Tr((T^(T^/)Tr(cry(T^')a^^a^'^' 



f2 ,u=0 fi' ^iy'=0 



(20) 



Tr<T^<j, = 26f,, {fi,iy = 0,1,2,3), 
Tra, = (i = 1,2,3), 



(21) 
(22) 



then 



1 

^ 5Z 0^1/0/^!^ = 1- 

Again substitute eq.(p^ to eq.(p^, we have 
1 ^ 

Trsp = 2 X! "MOf^p = Tr_B/9^ 

^3 3 

^ ^ (a'A'^A'')Tr(CT,.cri.')«A'''"p'!^' 



(23) 



ii,u=0 /^',f'=0 
3 



(24) 



Further, let's rewrite the right side in the above equation 

3 



1 ^ 



iy=0 
3 



3 3 



fi' =0 i=l ^' =0 

3 

flOi^Q.Oi/O'O + E/ '^OuHiuCTi 



u=0 




j=l 




3 

E 

1=1 




3 




3 

E 


(aoiyfloi/ - 


3 

1=1 


3 

j=i 


3 

^.v=l 


3 / 

(To + 2 ^ flio + 

z=l V 


3 

E""j 



where we have used 

aiCTj +ajC7i = 2Sijao, Trp = aoo = 1. 



, (25) 



(26) 



Then, from eq.(E3|) and eq.(24) it follows that 



+ ^ E ( "'0 + E ^' 



(27) 



Because 



Multiplying ak to two sides and tracing it, we obtain 
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ciio — aijdoj- 



(28) 



Likewise, in terms of TtaP — Ti'aP we also can prove 

3 



(29) 



Eqs. ( pSf ) and (29) are the relations between Uio and Ooj. 
They arc not equal in general. Again substitute eqs.(|ll|) 
and (|l|) to eqs.dl) and (H), our lemma two is proved. 

It is useful to research the relation between entangle- 
ment and the polarized vectors. This is lemma three. 

Lemma Three For a pure state of two qubits, the 
entanglement is a monotone decreasing function of 
which is the norm of the polarized vector of reduced den- 
sity matrix. If = 1, it is a separable state. If ~ 0, 
it is a maximally entangled state. 

Its proof is also easy. In fact, we can calculate out that 
Wootter's concurrence is equal to C = 2\ad—bc\ for a pure 
state (^^. It is well known that the entanglement of a 
pure state for tow qubit system is monotonically increases 
with C 0. Note that there is a relation = 1 - we 
obtain the conclusion that the entanglement is a mono- 
tone decreasing function of the norm of the polarized 
vector. In special, if |^| = 1, the reduced density ma- 
trix only has a non zero eigenvalue. In other words, it 
is a pure state. Then, von Neumann entropy of reduced 
density matrix is zero. It implies that the corresponding 
pure state is separable. While |^| = 0, two eigenval- 
ues of reduced density matrix are both 1/2, Then, von 
Neumann entropy of reduced density matrix is 1. This 
corresponds to the maximally entangled states. Further- 
more, we can prove immediately that the necessary and 
sufficient condition of a separable state is \ad ~ bc\ — 0, 
and the necessary and sufficient condition of Bell states 
is \ad — bc\ = 1/2 ||ll[. In our point of view, the norm of 
polarized vector is a simple and useful measure of entan- 
glement in the case of pure states. 

To research the entanglement purification and distill- 
ing, we need to know behavior of entanglement under 
LGM and CC. Here, LGM + CC means that two par- 
ties A and B perform separately two sets of operations 
which are described by 



(30) 



where these two sets of operators satisfy the completeness 
relations 



Y^A^x^bIBx = 1. 



(31) 



While only there is one member in the above sets, it is 
called pure LGM + CC. If A\ or B\ is a unit matrix, it 



will belong to LGM. In discussion on the properties of 
MRE, the following lemmas are useful. 

Lemma Four Under LGM + CC, that is, for a pure 
state under the following transformation 

p'^x = iAx®Bx)pAB{Ai®Bl)/qx, (32) 
the norm of transformed polarized vector ^ becomes 

A\ad-bc\^det{A{AxBlBx) 



where q\ reads 



(33) 



qx = Tr[{Ax <E) Bx)pab{A\ ® bI)] 

\d 



X //|2 



kX 



X II \2 



Xll\2 



(34) 



while a" ,b" ,c" ,d" arc coefficients in the transformed 
state vector 

Wi)=Ax®Bx\^) 

= "|00) -f b^ "|01) + "|10) + d^ "111). (35) 

which has not been normalized. 

Proof: In order to prove this lemma, let's first consider 
the pure LGM quantum operation I ® B and denote 

^I®B\'4j) = a'lOO) +6'|01) +c'|10) +d'|ll), (36) 

we have then 



a' ~ aBii + bBi2, 
b' = aB2i + 6i?22, 
c' = cBii+dBi2, 
d' = cB2i+dB22, 



(37a) 
(37b) 
(37c) 
(37d) 



where Bij{i,j = 1, 2) are matrix elements of B, so that 



a'd' -b'd = {ad -be) Act B. 



(38) 



Similarly we can treat with the pure LGM quantum op- 
eration A® L In terms oi A® B = {A® ® B), we 
arrive at 



a"d" - b"c" = {ad - be) det AdetB. 



(39) 



Finally, since is also a pure state, normalizing \tp") 
and then using the expression of norm of polarized vec- 
tor, we immediately can obtain eq.(^3|). 

Lemma Five Under LGM + CC quantum operation, 
if ^I^A ® b\B\ is proportional to an identity matrix, 
it does not change the norms of polarized vectors of re- 
duced density matrix of a pure state and does not change 
the general entanglement of formation either. 
Proof Actually, based on the property of matrix direct 
product , it follows that 

[det{AlAxBiBx)r = detiA{Ax ® bIBx). (40) 
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Since eq.(Q) and noting that ^|^a 
tional to an identity matrix, we have then 



B^B\ is propor- 



Aei{A\AxBlBx) = ql. 



so that 



l-'i\ad-bc\ 



Aei{A\AxB{Bx) 



(41) 



(42) 



It indicates that the norms of polarized vectors are in- 
variant under this transformation. In special, for a pure 
LGM + CC, since A^ A ® B'^B 1 ( This is a trace 
preserving condition), we have the same result. Because 
that 1^1 can be thought of as a concurrence of EF for 
a pure state, this result implies that EF is unchanged. 
In the case of mixed state, for each from the com- 
ponent state Pi, we have the similar proof and then the 
same conclusions. However, for a transformation with- 
out the condition that ^J,^a ® B\B\ is proportional to 
an identity matrix, the norm of polarized vector changes 
according to eq.(|3^) in general. 

Lemma Six Any LGM -f CC can not change a un- 
entangled state to an entangled state for the system of 
two qubits (Note that the measures of entanglement are 
always larger than or equal to 0). 

Proof. In general, a pure state will transform to a mixed 
state under LGM ^ CC: 

A A 

where 

gA -TrPA®SA)pyiB(4®St)], (44) 

p%^^{Ay.®By:)pAB{A\®Bl)/ql. (45) 

Because for a unentangled state, \ad — bc\ = 0. Again 
from eq. (p^) , it follows that |^"| — 1. This implies that 
every component state p'j^gxo separable. Of course, 
the entanglement of transformed states is then equal to 
zero. For the mixed state of various unentangled states, 
the proof is similar. For example, for a separable state 



(46) 



Obviously, because |'0s)(V'sl 
write 



Pa^Pb — Ps' 



l^s) = K|0)+61|l))® (410)-!- 5^11)). 



(47) 



Comparison it with the pure state \4>^) = a'|00)-)-6*|01)-|- 
c* 1 10) -I- c?* 1 1 1) , up to a undetermined overall phase factor, 
then yields 



6*=al6^, c* = 4&l, d'^b\bi,, (48) 



0. 



It means that |^g| — 1 and then 
Eef{Ps) = EEFipfx) = 0- That is ' 



III I 
saI 



(49) 

1. Of course, 



EEFip'i) =T.1^J2 q^XP^EEF{pfx) = 0, 



(50) 



where = Tr(y4A ^ Bx)piiiA\ (g) Bl)/qx. Because EF is 
a upper bound of the known measures of entanglement, 
also one of MRE, we have the conclusion of lemma six. 



III. DEFINITION OF MRE AND RELATIVE 
DENSITY MATRIX 

In the case of pure states, so-called MRE is such a 
relative entropy of entanglement that its relative density 
matrix is given definitely. For the mixed states, we define 
MRE by means of the physical idea of EF and informa- 
tion theoretical feature of RE. That is. 

Definition. For a pure state p^ and a mixed state p^, 
MRE is defined respectively as 



E 



E 



MRE 



K/)-5(pP||i?(/)) = i?sf^(pP), 

(p^')= min sIp'^WY^pMp')] 



min 5(p^||i?^) 



(51) 
(52) 
(53) 



where R{p^) is such a relative density matrix correspond- 
ing to the pure state p^ that eq.(|5l|) is satisfied and 
R{p^) is a disentangled density matrix. Note that the 
superscript P denotes a pure state and the superscript M 
denotes a mixed state. In eq.(^), the minimum is taken 
over the set V that includes all the possible decomposi- 
tions of pure states p^ = J2iPiP^- While 



R 



M 



(54) 



is a relative density matrix for a mixed state in a given 
pure state decomposition, where each i?(p*) is found out 
by means of eq.(pT|) for the pure state p*. In particular, 
for two qubits, the relative density matrix can be chosen 
by the following theorem one. 

Theorem one. In the case of the pure state p^ of two 
qubits, the relative density matrix of MRE can be taken 
as 



Rab{p%) 



2 



•^'\p^AB)P^£ip%) 



'-P^\P%)- 



(55) 



The subscript AB denotes bi-party systems, the sub- 
script A and B denote A-party and i?-party respectively. 



The coefficients q^-'Hp^) read 
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1 - ap_ 



,(2) 



(56a) 
(56b) 



the density matrices Pa\pab) ^^id Pg\p^) respectively 
for A and B parties are defined by 



1 



Pa (Pab) = 2 ~ Va{Pab) 



-^''''P%,- 
Pb\p^ab) = ^ K - r]B{p%3) 

-(2)/ P N -(1)/ P \ 

Pa [Pab) = '^0- Pa [Pab), 

-(2)/ P N -(1)/ P N 

Pb (.Pab) = ctq - Pb (.Pab), 



(57a) 

(57b) 

(57c) 
(57d) 



where ctq is 2 x 2 identity matrix and au {k = 1, 2, 3) are 
usual Pauli Matrices and rjA and rjB are defined by 



Va{p%) 



^AjPAB) 



(ap%) + 0), 



AB) 

p 



„ I ^ \ _ ^b[pab) ifiv 

vb[pab) - ^^,p ^ (.Up 



ap%) 



AB. 



(58a) 



(58b) 



riAip%)^±VB(p'AB)^ {0,0,1} (e(pD = 0), (58c) 

where ^a and are the polarized vectors of reduced 
density matrices respectively for pA and pB, ^ — £,(pab) 
is their norm. For the maximally entangled states 

|$±) = i=(|00)±|ff)), |*±) = -i=(|01)±|fO)), (59) 



the sign in eq.(|58q), is taken as "+" if p% = 
and taken as 

i?(p($±)) 



-" if = |'Jf±)(^'±|. That is 
3)® i(/ + a 



Ripi^^)) 



K 




1 




+2 


a- 






K 




1 




+2 


a- 



1 

1 

^2 



(60) 



(61) 



We called Pa\pab),Pb\pab) as the basis of the rela- 
tive density matrix in a pure state pj^g respectively for 
A-party and _B-party. Their meaning can be more clearly 
seen in MRE for multi-party systems |l0|] . It is very easy 
to verify that the relative entropy calculated in terms of 
R{p^) for a pure state is equal to EF and our MRE. 

Now, we explain why we take the relative density ma- 
trix defined as above to evaluate MRE. 

In practice, from the knowledge about RE, we under- 
stand, if we can find such a relative density matrix R 
that S{p\\R) < S{p\\p"') for arbitrary p^ e 7^, where 7^ 
consists of all of disentangled states. Thus, by means of 
lemma one our task is just to find the minimum value of 



eq. (|^) . Obviously, it is too complicated in terms of stan- 
dard method, because one has to differentiate S{p\\p^) 
to 15 independent parameters in the relative density ma- 
trix, gets the equation systems by making these deriva- 
tives equal to zero, and then solves this equation system. 

In order to avoid above difficulty, in the case of pure 
states, we use a trick, that is, to chose a particular subset 
of TZ and find the relative density matrix in this subset 
that not only leads to the minimum value of relative en- 
tropy in eq.(^ but also is equal to the entanglement of 
formation. So we can conclude that a correct and suit- 
able relative density matrix for MRE has been found. 
Actually, if there exists any other relative density matri- 
ces e n which can resuh in S{p\\M^) < S{p\\R) = 
Eef(p), it must be contradict with the conclusion that 
RE is equal to EF for pure states. In other words, only 
considering a particular subset of TZ is enough to find 
a suitable relative density matrix in MRE. We does not 
exclude the possibility that there exist other suitable rel- 
ative density matrices in the set TZ. However, they are 
not needed by us. 

Based on analysis and argumentation above, we, in 
eq.(||), choose such a subset {p^} of TZ that every eigen 
decomposition state p^ of p^ is purely separable as 
Pa = PaA ® PaB ■ ^or simplicity, only consider the case 
with two qubits. Because that the state described by a 
eigen density matrix is pure, p^ and have to be pure. 
While the 2x2 density matrix can be written as 



p'iA^i^(^ + n'l-<^), 

PaB = \{^ + ril-^), 



(62) 
(63) 



Denoting Ty^ = (l,??!) - = 0,1,2,3} and 

7]g = (1,^7^) = {l'^B,P' ^ 172,3}, it is easy to obtain 
that 



Tr(pp^) = Ye ^ ^ af,^7j2^,'VBi.' 



Tr[(CT^(»cr^)(cr^- ®cr^O] 



3 



(64) 



where we have used that {A^B){C(g)D) = {AC)(g){BD) 
and Tr((Tp(Ty) = 2(5^^. 

Actually, it is enough for our aim only to find the ex- 
treme surface fixing all the eigenvalues of p^ . Suppose 
first that there is no any zero eigenvalue in p^ and denote 
that 



(65a) 
(65b) 
(65c) 
(65d) 



Ai 


= 1 — X, 


A2 


= 1-2/, 


A3 




A4 


= x + y 
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where l>x>0,l>y>0, l>z>0 since each eigen- 
value larger than and less than 1. Based on lemma one, 
in terms of eq.(0) and noting in the case of pure states, 
the following equation system is obtained 



dS{p\\p^) cji 



dx 1 — X 

dS{p\\p^) _ u:^ 
dy l-y 

dS{p\\p^) _ 



X + y + z ~ 2 
X + y + z — 2 

: A 



z X + y + z 



dz 1 
it is easy to get 

UJ^ Al LO^ A2 
A2 ' UJ'^ A3 ' 

We can write their solutions as 

l-x = (3uj^, l-y = l3uj^, 



= 0, 

= 0, 
= 0, 



A3 

Al' 



(66a) 
(66b) 
(66c) 

(67) 
(68) 



Obviously, substituting them back to (65a-65d), we have 
(3=1. This indicate that 



Aq — [jJq. 



(69) 



It is easy to verify that this gives out the minimum sur- 
face. If there are some zero eigenvalues in p^, we can 
obtain the same result in the similar way. Therefore, the 
minimum relative entropy in the surface is 



5(p||p^) = -S{p) 



logWQ 



(70) 



From eq.(64), it follows that 



1 ^ 

- y 



1 



(71) 



Furthermore, in terms of the orthogonal property 
among the different p^, when |^| ^ 0, we can choose 

'Ha^ 'nA = -'Ha = -V\, Vh = -Vl = r]% = -V%, 
as well as r]\ = ^a/I^aI, ''7b — $b/|^b|- From the facts 
that their norms are all 1, |^^| = \^b\ — \^\ in the case 
of pure states and lemma two, it follows that 



UJ 



When III 
Thus 



1^1), u;'=u;'-- 
0, we have ^Ai 



1 



2(1-1^1)- (72) 



0, UJ 

- (bj = 0,(z,j - 1,2,3) 



(73) 



Moreover, from lemma three we know the corresponding 
quantum states are Bell states with maximum entangle- 
ment. Obviously, in this case 



(fly )$+ 



(a,y)$- 



(aij)*+ — 







(74) 



(75) 



(76) 



(77) 



Then, we can choose, for Bell states 1$^), Va — Va — 
V\^ri\ = (0, 0, 1), rjij = r,| = -rj% = -rj% = (0, 0, 1); 



for BeU states |*±), ■n\ = rj\ = rj\ = t]\ = (0,0,1), 



VB='nB = -Vb = ~Vb = (0> 0,-1). It follows that 



2' 



(78) 



It is well known that the two non-zero eigenvalues of 
the reduced density matrix are respectively -(1 ± |||). 

Therefore, in the case of pure states, when we take the 
above relative density matrix defined as the theorem one, 
it is obtained immediately 

5(/||i?(/)) = Emre = ^(pf^,B}) (79) 
= EEFip'') = EreIp^) (80) 

in the case of pure states. The subscript {A, B} is a com- 
pact denotation for A or B. In other word, we have found 
a suitable relative density matrix to calculate MRE, also 
RE, for arbitrary pure states of two qubit systems. 

Up to now, we have proved that the theorem one is in- 
deed one solution of the separable relative matrix which 
leads to the minimum values of relative entropy for a 
pure state. It is unnecessary to consider more general 
cases because if there exists other separable relative ma- 
trix which leads to the value of relative entropy less than 
one in eq.([79|) or (pO|), it will broke the well-known theo- 
rem that RE for a pure state must be equal to its EF. 

In principle, for the systems with more qubits, the rela- 
tive density matrix R for MRE in a given pure state can 
be defined and found by solving equation S{p^\\R) = 
^(Pb) = Eef{p^) based on the fact that EF is a good 
enough measure of entanglement in this case. For the 
case of mixed state, we first find the relative density ma- 
trix R{p'), in which belong to a pure state decom- 
position, by solving equation S{p^\\R{p'^)) = S{pg) = 
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Eef{p^)- Then, we can write the total relative density 
matrix for a mixed state as = J^iPi^iP^)- Obvi- 
ously, for all of pure state decompositions, in terms of 
this method, one can construct their relative density ma- 
trices and calculate the corresponding relative entropies. 
The last, MRE is obtained by taking the minimum one 
among these relative entropies. This is just our algorithm 
to calculate MRE. 

For two qubit systems, we have successfully obtained 
the explicit and general expression of the relative density 
matrix in an arbitrary pure state or a mixed state with 
any given decomposition. MRE for two qubit systems 
can be easier calculated because the first step in our al- 
gorithm is finished. For more than two qubits, we do not 
give clearly an explicit expression of the relative density 
matrix for a pure state in this paper. In fact, to find rel- 
ative density matrix needs more computations, but our 
algorithm still works in principle. This is because that 
from Sip^lR) = S{p'b) = Eef{p') to find R{p') can be 
done within finite steps for a given pure state in general 
except for the solution R{p^) does not exist. The excep- 
tion is impossible because this implies that for the pure 
state Pi RE has no a relative density matrix so as to it cor- 
rectly measure entanglement, or saying, it breaks down 
again the conclusion that for a pure state RE is equal to 
EE, while the latter always exists in a pure state. 

In addition, it must be emphasized that our method 
is to calculate MRE but not EF. Our algorithm of MRE 
and Wootter's method for EF can not be replaced each 
other. In the case of mixed states, MRE is different from 
EF in general, also from Wootter's EF. In the discussion 
on Werner state, we will see that EF is linearly depend- 
ing on the probability of component states, but MRE is 
logarithmically depending on the probability of compo- 
nent states. In our point of view, perhaps it also seems to 
be a requirement from quantum physics and information 
theory, the logarithmic dependence on the probability of 
component states is more natural and essential. This is 
one of main reasons why we take the relative entropy to 
describe the entanglement in the case of mixed states. 

In above sense, MRE avoids the difficulty of RE to 
find the relative density matrix from an infinite large set 
of disentangled states and so improve the computability 
of RE. In our paper |l0), we also have given an explicit 
expression of the relative density matrix for n-party sys- 
tems (restricted to qubits). 

IV. EXAMPLES AND DISCUSSIONS 

It must be emphasized that one of advantages of MRE 
is to decrease the dependence on pure state decompo- 
sition. For example, the state M has two pure state 
decompositions 

M = i(|00)(OOK|ll)(ll|) (81) 



= i(|$+)($+| + |a>-)($-|), (82) 

which respectively correspond to the minimum and max- 
imum decompositions in the calculation of EF. But two 
decompositions have the same relative density matrices 
in the calculation of MRE. That is, both of them are the 
minimum for MRE and can be used to calculate MRE. 
This means that the minimum decomposition(s) to cal- 
culate MRE is (are) not the same as the minimum de- 
composition(s) to calculate EF in general. The former is 
easier to be found. 

It is interesting to study the mixture of Bell's state. 
Its form is 

Bm = + &2|*")(*"| 

+63|*+)(*+| +&4|*->(*^| (83) 

Obviously, form Peres 's condition |]l3|, it follows that its 
separable condition is 

femax = max[6i, 62, ^3, ^4] < ^ (84) 
Through calculating, we can find out their MPSD as 

x,y.z—Q 

where the forms of \')jj{x, y, z)) in the following four cases 
are: 

Case one: 61 is the maximum and not less than 1/2 

mx,y,z)) = v^|$+) +e'^^v^|$-) 

-he'^^A/^|«'+) + ie'^^^Tbll*-) (86) 

Case two: 62 is the maximum and not less than 1/2 

|V(x,2;,z)) = ^6^1$+) +e'^"V&^|$-) 

+ic'""v/^l*+) +e'""v/^|*-) (87) 

Case there: 63 is the maximum and not less than 1/2 

mx,y,z)) = +ic--V^|$-) 

+e''^''V^|*+) +c'''^V^|^'-) (88) 

Case four: 64 is the maximum and not less than 1/2 

mx,y,z)) = v/6^|$+) +ie'^^v^|$-) 

+ie'^^V^|«'+) +ie''^"V^|*-) (89) 

In terms of our theorem one, we can find the relative 
density matrix for the pure state \^{x,y, z)) and con- 
struct the total relative density matrix for MPSD of the 
mixture of Bell's states (|8^). Then, we can construct the 
total relative density matrix for the four case 
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RriBwlbl — &max) — 



1 



^2 + ^*3 + h 







b2 



b2 



\ b2 + b3 + b4 



62 + &3 + bi 

ba - bj 

&2 + &3 + bi 







bs - bj 
b2 + bs + 64 

b2 

&2 + 63 + bi 




1 - 



62 + &3 + bi 







62 + 63 + 64 / 



(90) 



-Rt(-Bvf|&2 = &max) = ^ 



1 + 



61 



61 + 63 + 64 





1 - 



61 







-1 + 



bi 



61 + 63 + 64 



61 + 63 + &4 
^3 - ^4 
61 + 63 + ^4 







&3 - bj 

61 + 63 + &4 

61 + 63 + f'4 





-1 + 



61 



61 + 63 + 64 









1 + 



61 



61 + 63 + &4 / 



(91) 



/l. 



RT{Bw\b3 — &max) — 



64 



61 + &2 + &4 



&1 - ^2 
V 61 + 62 + 64 



1 + 



64 



64 



1- 



61 + 62 + 64 
64 

61 + 62 + 64 



1 + 



61 + 62 + 64 
64 

61 + 62 + 64 



61 - 62 



61 + 62 + 64 



64 

61 + 62 + 64 / 



(92) 



RT{Bw\bi = b„ 



= ^ 



1- 



63 



61 + 62 + 63 




61 - 62 



1 + 
-1 + 



63 



V 61 + 62 + 63 



61 + 62 + 63 
63 

61 + 62 + 63 




1 + 



61 + 62 + 63 
63 

61 + 62 + 63 




61 - 62 



61 + 62 + 63 




63 

61 + 62 + 63 y 



(93) 



Then we can calculate out MRE of the mixture of Bell's 
state in all of four cases 



£'mre(-Bm) 



log 2 + 6, 

+ (1 - 6„iax 



log 6m 

)log(l 







(94) 



when 6niax > 1/2. Compare with EF of the mixture of 
Bell's states 



Ee,f{Bm) 



1 — 2-y6max(l — 6max) 



log 



1 — 2-\/6inax(l — 6„iax) 



1 + 2-\/6i„ax(l - 6max) 



log 



1 + 2V6i„ax(l - 6 



(95) 



We can see the similar feature between them, that is, 
both of them are only dependent on the maximum 
eigenvalue 6max- Obviously, MRE's behavior is accept- 
able because of its real logarithmic dependence on the 
probability of component states in MPSD. Moreover, 
-E'mre(-Bm) < E^f{Bm)- This is just an expected prop- 
erty. However, it is necessary to study carefully the pu- 
rification and concentration of entanglement so as to ac- 
count for why it is so and which is better. Since there 
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exist some difficulties in EF for purification of the mixed 
state, it is significant and interesting to research MRE. 
In fact, comparing with EF, MRE has not lost any phys- 
ical information and content in measuring entanglement 
of the pure states. While in the case of mixed states, 
MRE appears to play a hopeful role. 
In special, for Werner's state [Ol 



1 - F 



3 



-(l*+>(*+l 



|$-)($-|). (96) 
When F > 1/2, we can find the total relative matrix 



Rt{W) = - 



/ 1 \ 

2-10 
0-120 
\ 1/ 



(97) 



Therefore, the modified relative entropy of entanglement 
of Werner's state is found to be 

Em RE (I^) = log 2 + F log F + (1 - F) log(l - F) (98) 

Note that the entanglement of formation of Werner's 
state is 



Eef{W) = - 



l-2^Fil-F) 



log 



l-2^F{l-F) 



l + 2^Fil-F) 



log 



1 + 2^F{1-F) 



(99) 



when F > 1/2. They can be displayed as the following 
figure 




FIG. 1. The above curve is Eef{W) varying curve with F, 
The underside curve is Emre{W) varying curve with F. 



This figure also can display the varying of MRE and 
EF with 6max from 1/2 to 1 for the mixture of Bell's 
states. 

It is also interesting to consider the departure state 
from Bell's states. Set they are 



B^ = G\^-){^-\ + {^-G)\^){^\ 



(100) 



where |i) takes over |00), |01), |10), |11) respective with 
« = 1, 2, 3, 4. We can find out their pure state decompo- 
sitions 



1 



1, 



i?f - 7;m+)){M+)\ + 7;m-)){M-)\ (101) 



where 



|V,(±)) = VA»iN)±VA.2|*-) 



(102) 



while Ail and Xi2 are respectively the eigenvalues of 
with the eigenvectors \i) and l^*^). 

For and B^ , they are the minimum pure state 
decomposition for EF, and then their entanglement of 
formation are just 



1- VT^G^ / 1-71^^2 



'-^^^loJl±4E^] (103) 



But for B2 and B^^ , the decomposition ( |lOl| ) for EF may 
not to be suitable. This is because, based on this decom- 
position, the statistic average of the reduced entropy of 
their component states defined by 



(104) 



:{G{2-5G + AG'^ 



1-2G + 2G^ 
±2(l-G)y2G(r^G)(r^2GT2G2) (105) 



has unexpected behaviors varying with G (see Fig. 3). In 
above equation H{x) — — a; log a; — (1 — x)log(l — x) is 
binary entropy function and z = 2, 3. Although the two 
examples are simple enough, it seems not to be easy to 
find out their minimum pure state decompositions. 

Fo rtunately, we have found that the decomposition 
(101) are correct MPSDs for our modified relative en- 
tropy of entanglement. This again implies that MRE de- 
creases the sensitivity on the pure state decompositions. 
From our theorems in the above section, we can construct 
the total relative density matrices 



1 



2(1 + G) 



-G2 



-G 




G 

-G 






-G 
G 







G2 



(106) 



11 













1- 


-G/2 














G/2 





Vo 











(107) 



/ \ 

G/2 

l-G/2 

\ / 



(108) 



1 



2(1 + G) 



/ G2 



V-G 





G -G 

-G G 

2 - ^2 



(109) 



Therefore, we can calculate out their MRE 



MRE (-8^4) 



1 -G 



log(l-G) 



1 + G 



log(l + G)) 




E 



2V1 - G2 
-(1-G) log 

1 



MRE I 



iKz)^-. (1 - v/l - 2G(1 - G)) 



log(l - Vl-2G(1-G)) 
+ (1 + Vl-2G(1-G)) 
log(l + v/l-2G(l-G)) 
-GlogG- (2-G) log (2 



G))] (111) 



Comparison EF with MRE for and can be dis- 
played as the following figure 




FIG. 2. The above curve is Eef{Bi'^4) varying curve with 
G, The underside curve is Emre{Bx,4) varying curve with G. 



A way to improve the unexpected behavior of S^(i3|') 
and S{B^) is to calculate the (modified) EF by means 
of Wootters' method 0|. In order to compare MRE and 
Wootters' EF as well as S, we draw out the following 
figure 




FIG. 3. The above curve is S{B2,3) varying curve with G, 
The underside curve is Emre{B2^^) varying curve with G. 



It must be emphasized an important fact that 
Emre{Bi a) is different from Emre{B2^^), which can be 
displayed by 




FIG. 4. The above curve is Emre(B^4) varying curve with 
G, The underside curve is Emre{B2,z) varying curve with G. 

It implies that MRE can reveal the particular differ- 
ence among them. However, Wootters' EF for them are 
the same and can be fitted by the eq.(103). In fact, one 



can verify that many similar departure states from Bell's 
state have the same Wootters' EF. In our point of view, 
there should exist the particular difference among them. 
It is helpful for a deep and exact description of entangle- 
ment. Of course, a possible examination whether MRE 
is needed and useful can be done by means of identifying 
such difference from the purification. We will discuss it 
in our another paper. 
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In the following sections, we will further study the 
properties of MRE. 

V. IMPORTANT PROPERTIES OF MRE 

First, we can obtain: 

Theorem two Modified relative entropy of entangle- 
ment (MRE) is a lower bound of entanglement of forma- 
tion (EF): 

Emre{p) < Eef[p)- (112) 

When p is a pure state, the equality is valid. 

It is easy to prove it in terms of the joint convexity of 
the relative entropy 

s{Y.p^p1 Y.p^R{p1) < Y^P.^iplRip')) (113) 

i i i 

and the definition of Eef in cq-(0)- Obviously for a pure 
state, MRE is equal to RE and EF. 
Then, we can see: 

Theorem Three: Modified relative entropy of entan- 
glement (MRE) is a upper bound of relative entropy of 
entanglement (RE), also one of distillable entanglement 
(DE) : 

Embe{p)>Ere{p)>Ede{p)- (114) 

When /9 is a pure state, the equality is valid. 

The proof of theorem three is very easy. Because we 
take a particular disentangled state to calculate MRE, it 
must be not less than RE. It is also well known that RE 
is not less than DE and then MRE is not less than DE. 
However, we can not prove strictly that the given rela- 
tive density matrix in MRE is just a disentangled state 
to give out RE because the set disentangled states is so 
large that we can not express all of them. This diffi- 
culty is, in fact, from the undetermined feature of RE in 
computation. 

From theorem two and three, DE<RE<MRE<EF. 
Noting the fact that both RE and MRE are defined by 
the relative entropy, we think that MRE is able to in- 
herit most of important physical features of RE if these 
features of RE are given and proved in terms of the fact 
stated above as well as some mathematical skills joj^ . In 
fact, we have seen that MRE is a function of the norm 
of polarization vectors of the reduced density matrices 
of the decomposition density matrices for two qubit sys- 
tems. Thus, both EF and MRE belong to a kind of the 
generalized measures of entanglement proposed by pT| , 
and the generalized measures of entanglement with the 
known properties as a good measure are proved there. 
In this paper, the behavior of MRE under local general 
measurement (LGM) and classical communication (CC) 
can be proved by using of the similar methods at least 
for two qubit systems. 



Theorem Four Any LGM + CC quantum operation 
does not increase MRE in the case of pure state. 

Proof. Please note the following facts: (1) We have 
proved Emb.e{p) — Eef{p) in the case of pure state (the- 
orem one and theorem two); (2) They are both monotone 
decreasing functions of the norms of the polarized vec- 
tors of reduced density matrices for pure states (lemma 
three); (3) In general, a pure state will transform to a 
mixed state under LGM + CC. Obviously, there is a 
relationship between ^^'^ and as following 

*//9 *9 , , , ,9 / det(A\AxBlBx)\ , 
C ^ ^ + 4|arf - 6cp ( 1 ^ ^ ' j . (115) 

Here lemma four has been used. Thus, our aim is con- 
vert to prove > that is, qf > det{AlAxBlBx). 
In fact, we can rewrite 

ql^mA{Ax)®{BlBxm, (116) 

where pab — \'4'){iA- If (^I^a) ^ {b]^Bx) has any zero 
eigenvalue, then 

detiAxAlBxBl) - ^det[iA\Ax) (Ei (bIBx)] - 0. 

(117) 

So, we only need to consider the case without zero eigen- 
values. Set 

3 3 

4A^^T.<a<^^' -BIBx = Y.<b^^- (118) 
Then 

det{A{AxB{Bx) = {cU cl^Mi 4^), (119) 

3 

= XI ^^AAa^^^B' (120) 


where a^^ is expanding coefficients in eq.(p^). Because 
for any states \'ip), (i/'|^1^a|V') = ll-4|V')|p > and 
{^\bIBx\^) = \\B\ip)\\'^ > 0, we have AIAx and bIBx 
are positive, then Ti{A\Ax) and Ti{B\Bx) arc positive, 
that is, c'^j^ > 0, > 0. Again from 

Y,Tt[{AIAx) ® (bIBx)] - 4 - 4Xc%c",5, (121) 

A A 

it follows that c°^c^^ < 1. Without loss of generality, 
we can take 

c%<l, c%<l, (122) 

because it is always allowed by multiplying a suitable fac- 
tor to Ax and dividing Bx by the same factor. From the 
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facts that A^^a > and b\^B\ are positive and eq.(122) 
it follows that 



(123) 

We can divide Ax ® Bx into {Ax (g) I){I (g) Bx). Thus, 
for the first step transformation 



where 

qxB^'Tr[{Ig)Bx)pAB{Ig)B^)] 

3 

= ^ ao^CxB = C% + Is • CxB- 



(124) 



(125) 



Since det{B\^Bx) = c"J — and c^^ > |cab|, we have 



ql - det{BlBx) 



iB-cxsf + c^ 



■XB 



= 2c^bIb • CAS + (I 

> + 2|cab||s • Cab + (^s • cas) 

= i\cxB\ + ■ Cxsf > 0- 

It means that 

For the second step transformation, we have 



/.// 2 _ 2 
?A — t 



(126) 
(127) 

(128) 



where 



qxA^Tr[iAx®I)p%,{Al®B)] 

3 

= X/ ^mO'^AA ^ '^XA + ^AA ■ CAA 



(129) 



and 



PAB = m{^x\ 

= (/ (g) Bx)pAB 



'XB 



1 

4 ^ 





= -^(/®Sa)|V') 

■/IXB 



{^'xaY = a: 



= a'lOO) +6'|01) + c'|10) +d'|ll) 



'iO- 



Likewise, we can prove 



(130) 



(131) 
(132) 



(133) 



Therefore 

Emre{p'^) < Emre{pab)- (134) 

Of course 

Emre{p'!ab) <J2qxEMREip'^) < Emre{pab)- (135) 

A 

The proof of theorem four is finished. 

Theorem Five Suppose under LGM + CC quantum 
operation, p^ — > X^(^a ® Bx)p^{A\ ® B\). When 

A 

{A^-yAx) ® {b\Bx) is proportional to an identity matrix, 
this LGM + CC quantum operation does not increase 
MRE in the case of mixed states. 

Proof: Now, we consider the case of mixed states. 
Without loss of generality, we assume we have had a 
minimum decomposition p^ = ^j^PiP^, where each is 
a pure state. Moreover, the relative density matrix i?^ 
of MRE is constructed in terms of this decomposition. 
Obviously 



P 



Err rM-" 
IX Px 



iXPx I 



where 



pT 



Pi" 



-{Ax®Bx)p^{A{®Bl), 

qx 

J—{Ax<gBx)p\A{<g>Bl) 
qxqix 



Xh 



B\ 



qix 

Noting that 



qx^TT[{Ax(E>Bx)p^iA^^^^xJh 

—Ty[{Ax<E>Bx)p\AI<E>bI 
qx 



P 



(136) 

(137) 

(138) 
(139) 
(140) 

(141) 



we have 



ill 

Px 



1 



Mxqix 



J2 ci'^uiAxa,Al)®{Bxa,Bl). (142) 



i-i^f—O 



From the precondition (A^Aa 



^X^>^) ^ (-^A-^a) OC /4x4 , it 

follows that ^^^A /2x2 and b\Bx oc /2x2- Oth- 
erwise it will contradict with this precondition. With- 



out loss of generality, suppose ^^^a 

S^Sa =/3A/2x2.ThuS 



PXA 



Pxb 



2a 



1 ^ 

— 5]a^,(BAa.Bl), 



aA^2x2 and 

(143) 
(144) 
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where we have used the facts that 

qx = TtHAx ® Bx)p'^{Al ® bI)] = axPx, (145) 



-p'-£x'ipD = -p'i\ptil 



-p%\f^:'x)- 



— Tr[(v4A ® Bx)p'{A{ (g) bI)] = 1. (146) Again since \e\ = we have 



From definition of polarized vector, it follows that 



1 ^ 
1 ^ 



fc=i 



By using of theorem one, we have 

<(p^) ^-{Ax® Bx)R{p'^)iA{ Bl) 



qx 

2 



T.'i^'H/)pTx'ipl^-p^l'ip%), 



where 



ax 

pil"(P^) = 7^(5Ap-«^l). 
PA 



(147) 
(148) 

(149) 
(150) 

(151) 
(152) 



It is easy to obtain that 
vUp') = 2Tr 



P^'ip'^ 



-^—Tvm^ ■ AxaA{)a] 

j(-nry = riAxiP ), 



(153a) 



r,^,(p^) = 2Tr[p(^l"(pOT 
_ 1 
"M7) 

_ eup') 



^^m^^B ■ Bx.Bl).] 



apT) 



VBxipn, 



(153b) 



when ^(p') ^ 0. Here, we have used lemma five, that is, 
1^*1 = I^a'I- If C(p*) = Oi that is is a maximum entan- 
gled state, we have to introduce an infinite small shift for 
coefRcients of states 



1 -e 



|00)± 



1 



111) 



1 -e 



101) ± 



-|io). 



(154) 
(155) 



Obviously (^')^ — ^ 0. Then, replacing the maxi- 
mum states by the shifted state p\, which consists of 
or 1^ ^)^, w e can prove the same conclusion as eqs. 
(153a) and ( |153bD . So we immediately have the relation 



q^=\f^,)^q'^\f^:L)- 



(156) 
(157) 

(158) 



Thus, from theorem one and definition of relative density 
matrix for mixed states, it follows that 



R'L{pf) = R{p'^'), 



(159) 



where i?^'(p^) = {Ax(S)Bx)R{pf){A\(gBl)/qx is a trans- 
formation of the relative density matrix of MRE for p^ , 
and R{p^') is a relative density matrix of MRE for the 
mixed state pfl"- It must be emphasized that if there is 
no any |^*| = 0, the shift e for the coefficients does not 



appear, but eqs.(156 T59| ) are valid either. Moreover, if 
any component states are maximally entangled, we have 
to do the replacements such as eqs. (154) and (155). In 
the last, we take the limitation e ^ to calculate the 
relative entropy. Therefore, we obtain that 



sipTKip^)) 



limSipf^'WRUp^)) 

£—►0 

= \imS{p^nR{P^x)) 



^ sipTWD) 



(160) 



where we have used the fact that the relative entropy 
is continuous. From monolonicity of relative entropy, it 
follows that 



siprmiipn) < sip'^'mpn) - EMREip'"'). m) 

The last equality is because that we have assumed that 
R^ is constructed by the minimum pure state decompo- 
sition of p^ = J2iPiP^- Again substituting eq.(160) and 
the definitions of MRE pf" 



Em RE (Px 



Mii\ 



min SiprWRipf")) 



(162) 



into (161), we obtain 

EMREipT)<EMB.Eip'^). (163) 

In terms of joint convexity of relative entropy, we have 

EMREip"^") < E qxEMREipf") (164) 



Again from eq.( |l63| ) it follows that 

EmrMP^") < E q^EMREip^) = EMREip^). (165) 



It must be emphasized that the precondition that 
{A\Ax)'E) (b\Bx) is proportional to an identity matrix is 
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suggested in order to keep the conservation of probabihty 
for the transformed states (which has been normahzed) 



Ax®BxW 



(166) 



and guarantee the component states with clear sig- 



nificance in the decomposition eq. (|136[ ). It is still an 
open question how to prove eq. (165) if there is any 
{A^y^Ax) (g) {b\^Bx) that is not proportional to an identity 
matrix . 

As to the properties of MRE, in two qubit systems, 
such as its range is [0,1], its maximum value 1 corre- 
sponds to the maximally entangled states and its min- 
imum value corresponds to the mixture of the disen- 

tangled states, can be directly and easily obtained from 
the definition of MRE. For two qubits, the relative den- 
sity matrix of MRE is a function of the polarized vectors 
^A'^Bi ^'^d £,\t$,b ^''6 functions of the decomposition [1] 
density matrices pi. Thus, MRE is just a compound func- 
tion of the decomposition density matrices pi. However, 
in general, a density matrix is not a one to one function of 
decompositions and a given decomposition is not always 
able to describe the really physical entanglement. It is 
necessary, from our view, to introduce a new principle 
so as to determine how to express the measure of en- 
tanglement from the a suitable pure state decomposition 
of density matrix. That is, it seems to us, an intrin- 
sic physical reason that the requirement of the minimum 
pure state decomposition is introduced. Of course, it is 
not a nice property that a measure of entanglement de- 
pends on the possible decompositions because it is not 
very easy to find all the elements of V. But since the 
undetermined property of decompositions of the density 
matrix, it exists in all the known measures of entangle- 
ment either. MRE has significantly improvement in this 
aspect for some kinds of states which has been seen in 
above section. We think that it is worth trying to study 
a thing for any new measure of entanglement. 

In conclusion, MRE can be useful based on six evi- 
dences. The first is that MRE is a possible upper bound 
of DE and a lower bound of EF such as RE, the second is 



MRE improves the compatibility of RE, the third is that 
MRE significantly decrease the dependence and sensitiv- 
ity on the pure state decompositions at least for some 
interesting states, the fourth is MRE restores the loga- 
rithmic dependence from information theory on probabil- 
ity of component states, the five is that MRE reveals the 
particular difference among some departure states from 
Bell's states and the last is that MRE can be extended 
to multi-party systems naturally |0 . 
This research is on progressing. 

I would like to thank Da Peng Wang for his help to 
calculate Wootters' EF. 
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